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We describe the derivation of Vlasov-Maxwell equation from classical Lagrangian, and a similar derivation of the Vlasov-Poisson-Poisson 
charged gravitating particles. We derive electromagnetic hydrodynamic equations and present them to the Godunov’s double divergence 
form. For them we get generalized Lagrange identity and compare it. We analyzes the steady-state solutions of the Vlasov-Poisson-Poisson 
equation: their types changes at a certain critical mass 2 2 /m e G=  having a clear physical meaning with different behavior of particles - re-
cession or collapse trajectories. 

I. Introduction. 
Vlasov-Maxwell equation is fundamental for the description of plasma. Written by A.A. Vlasov in 1938 [1] it is increas-

ingly used instead of the MHD equations (this transition is noticeable abroad, and is particularly strong in the U.S.) in the 
calculation of complex plasma problems due to the growth power of computers. But this is not the main reason - the main 
thing, apparently, is that it has "super-fundamental nature". Vlasov-type equations contain a solution of N-body problem 
for any N. This property makes it super-fundamental and noted by many authors. It was known to A.A. Vlasov, and N.N. 
Bogolyubov, in the preface to the book [2] notes: "The Vlasov equation is the foundation of plasma physics. It seems very 
significant that the Vlasov equation has microscopic solutions corresponding to exact solutions of classical mechanics." 
This property is used in the derivation from Bogolyubov’s chain of equations [3] and in approximations using these mi-
croscopic solutions (in the form of a sum of Dirac delta functions - [4-9]). In the derivation of the Vlasov-Maxwell equa-
tions we can’t use this approach. It is has the microscopic solutions, but no one used them, since the corresponding poten-
tial – Lienard-Wiechert potential [10]. It is desirable to derive this equation from an exact Lagrangian, and to circumvent 
the microscopic solutions, and understand the nature of the approximations, as well as the influence of relativistic expres-
sions. The equations written in different ways in different guidelines, so the exact derivation is highly desirable. We de-
rive it from the Lagrangian of classical electrodynamics [10] and follow [11]. 

The number of versions for magnetohydrodynamics (MHD) equations, even more than the equations of Vlasov type. By 
using an exact substitution we derive some versions of the equations of the electromagnetic hydrodynamics (EMHD - 
equations of MHD in the presence of an electric field [13])  from Vlasov-Maxwell equations and automatically obtain for 
them the Lagrange identity. The Lagrange identity is convenient here as a test to compare different forms of equations. In 
[12] V.V. Kozlov proved the Lagrange identity for equations of Vlasov type, and we study its form for different types of 
Vlasov's equation and the MHD. 

We discuss exact solutions of the Vlasov- Poisson-Poisson system of equations. The last term we use for combination of 
electrostatic and gravitational forces. We derive it from the Lagrangian of classical electrodynamics plus Lagrangian of 
the gravitational interaction. Reduction of the stationary Vlasov equation leads us to a system of nonlinear elliptic equa-
tions. It turns out that if the value of a critical mass is  2 2 /m e G=  type of these equations changes ( G – is the gravita-
tional constant and e  – electron charge.  

The first section is devoted to derivation of equations of the Vlasov-Maxwell and Vlasov-Poisson-Poisson, in second we 
study the Lagrange identity and the third is devoted to equations of the type EMHD.  

II. Derivation of equations of the Vlasov-Maxwell and Vlasov-Maxwell-Poisson. 
Under Vlasov equation simply imply the following equation for an arbitrary K(x, y) pair interaction potential of particles 

([2-9]): 
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Here ( )xδ  – Dirac delta function, ( )tXi  and ( )tVi  – a function of time (co-ordinates and velocity of particles), 

0>iρ  – numbers (the weight of the particles). A.A.Vlasov already knew that such a substitution takes place if ( )tXi  

and ( )tVi  satisfy N-body equations of motion [2], [4-11]: 
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Where 1∇  – is a gradient vector over the first argument. Such solutions are called microscopic (or substitution in the 
form of a finite number of particles, or substitution of a sum of Dirac delta functions). In the original A.A. Vlasov work 
[1], it was introduced what they now called the Vlasov-Maxwell systems. It was introduced properly on time, specifically 
to describe the plasma, and shows its effectiveness on the example of small oscillations of the plasma. Their sim-
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plest derivation from classical Lagrangian is highly desirable, it is provides us a firm basis: for the classification 
of equations with the same name; to assess their validity; the nature of the approximations made by various authors. It 
should be noted that the derivation from Bogolyubov’s chains [3] or Brawn-Hepps-Maslov- Neunzert-Dobrushin method 
[4-9] in terms of microscopic-solutions are not so direct, and for the Vlasov-Maxwell is inappropriate. 

 The system of Vlasov-Maxwell equations describes the motion of particles in self-consistent electromagnetic field. It 
can be obtained from the Lagrangian of classical electrodynamics. We start with the usual action of the electromagnetic 
field ([10], [18], the action of  Lorentz-Shwartzchield as it explained in W.Pauli book [18]) (repeated upper and lower 
indices are summed over): 
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pS  – is a particle action, fS  − is a field action, p-fS  − is a particles-fields action.  

Hereα  − is a sort of particles,  which is characterized by mass mα  and charge eα ; q − numerate particles inside each 

sort; ( )( 0 1 2 3 1 2 1 2 )X q t q N rµ
α αµ α, = , , , ; = , ..., ; = , ..., − are four-coordinates of -q particle in α -sort; ( )A xµ − 

are four-potential; F A Aµν ν µ µ ν= ∂ − ∂ − electromagnetic fields; gµν − is a Minkowski metric: gµν = diag(1,-1,-1,-1). 

We have to seek a variation in a special way [10-18]: first we obtain the particle motion in a field p p-f( ) 0S Sδ + = , than 

evolution of fields with a given particles motion p-f f( ) 0S Sδ + = . However, for particles, we proceed to distribution 
functions that give us the desired system of equations. 

1) The variation p p-fS S+  gives us an equation of charges motion in the field:  
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2) Here, we cease to follow [10], and proceed to the distribution function. The equation for the distribution function is 
obtained as the equation of translation along the trajectories of the resulting dynamic system of charges in the field. It is 
seen that is convenient to take the distribution function of the impulse (instead of velocity). It should express velocity 
through impulses: 
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Let 2 2 21 ( )v c γ −− / = , and 2 2 2 21 ( )p m cγ − = + /  and ( )i iv p mγ= / . Hence we can find the equation for the dis-

tribution function ( )f x p tα , , :  
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3) Fields equations. Follow [10], but now we use the distribution function instead of density.  

If p-f p( ) 0S Sδ + =  we have 
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System of equations (2),(3) is Vlasov-Maxwell [1], [17] with some small adjustments: we have explicite expression of 
velocities over momentum.  

Similarly, we can derive the system of equations of the Vlasov-Poisson with gravitation in the nonrelativistic case. The 
Lagrangian of electrostatics derived from the general Lagrangian (1), and gravitation part is derived by analogy with elec-
trostatics. At the same time we also check the constants in the original Lagrangian (1).   So, in the nonrelativistic case:  
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Varying this expression as before we obtain a system of Vlasov-Poisson-Poisson plasma with gravitation:  
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III. Lagrange identity. 
As shown, a complete system of Vlasov-Maxwell equations is obtained by varying the action of electro-magnetism with 

the transition to the distribution function: 
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Lagrange's identity is defined as the second time derivative of the moment of inertia through the kinetic and potential 
energy. Following to [12]  we show that the Lagrange identity can be extended to the case of Vlasov-Maxwell equa-
tions.  Let us introduce the moment of inertia of the particles respect to origin of coordinates: 
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Lagrange identity is valid as:   4 2 .I T= − Π                  (6) 
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The first integral in this expression with integrating by parts can be transformed to  
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IV. On the Vlasov-Maxwell equations and the Lagrange identity. 
There are many forms of equations of magnetohydrodynamics (MHD): various authors understand by this completely 

different system of equations [13-17]. In deriving the equations of MHD they add usually [13-17] the collision integral 
and obtain the equations of hydrodynamic type (with non-zero temperature) using the procedure of Maxwell-Chapman-
Enskog. This is called the derivation of the MHD or EMHD, but the approximate equations are obtained. Derivation of 
the EMHD equations with zero temperature (by the substitution of a delta-function multiplied by the density – see below), 
is known (see, eg, [7], where it is connected with Lagrangian submanifolds). We adapted it for the classification and de-
termine the nature of the approximations by comparing it with the derivation of the equations with non-zero temper-ature. 

1. We first consider the case of zero temperature, to obtain the corresponding equations of the exact consequences of 
Vlasov-Maxwell equations by using the following substitution:  

( ) ( ) ( ( ))f t x p n x t p P x tα α αδ, , = , − ,                                                                                                (7) 
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, , = → , − , . Where k  – is Boltzmann’s constant and 

Tα – is a temperature of α -component. We obtain the equations of the electromagnetic form of multifluid hydrodynam-
ics (EMHD – so now became known as the MHD equations in the presence of an electric field). These equations have the 
form  
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We should notice that these equations are exact consequences of Vlasov-Maxwell equations, so the Lagrange identity 
obtained for the system (8) – (9) by substituting (7) in the Lagrange identity (6): 

 2 2 24 2 ,I T= − Π                                                                                (10) 

 2 3
2 ( ) ( ) ,I t n x t x d xα

α

= ,∑ ∫
   

2 3
2

1( ) ( ) ( ( )) ,
2

T t n x t v P x t d xα α α
α

= , ,∑ ∫  

 [ ] 3 3
2 3 3 2

1( , ) ( ) ( , )( )( ) .a
e en x t x E v P H d x n x t P x P E d x
m c m c
α α

α α α α α
α αα α α αγ γ

 
 
 
 
 

Π = , + , − , ,∑ ∑∫ ∫  

There is a generalization of Lagrange's identity when, instead of an arbitrary function of 2x  is taken arbitrary function 
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3. Two-fluid and regular MHD (or EMGD) with non-zero temperature have a lot of modifications [13–16]. Usually ob-
tained from the equations of hydrodynamic type from system of kinetic equations, by introducing the following momen-
tums and integrating the Vlasov-Maxwell system:  
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Here ( ),n x tα – density numbers of particles ofα -sorts, ( ),iP x tα  – mathematical expectation of impulse, ( ),D x tα  
– variance of the impulses of all particles of each kind, which is proportional to the energy of random motion. 
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In this system, the first equation represents the continuity equation; the second is the equation of motion for momentum, 
and the last equation for the energy of random motion (or for temperature). This precise system of equations, but it is not 
closed. To close it, we must add the collision integral, or (from interaction with the environment) add a linear collision 
integral. This means that higher-order momentums are determined through the lower with the Maxwell distribution. 
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It turns out that ,   3 .ij ijkn T D kTα α α α ασ δ= =  More briefly those equations can be  written in the Godunov’s form, 
for this we introduce Godunov’s function: 
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 we obtain µβ  in terms of thermodynamic variables:        
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and the equation with a non-zero temperatures in the zero approximation can be written in the form of Godunov: 
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A generalization of Lagrange's identity in this case has the following remarkable representation: 
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4 Steady-state solutions and critical mass value 
As shown, a complete system of Vlasov-Poisson-Poisson can be obtained from Lagrangian of the electrostatic plus grav-

itation (in nonrelativistic case) with the transition to the distribution function. Now we investigate the possible stationary 
solutions for (4). Assume that the distribution functions αf  are different functions of energy and are as follows: 
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equations of the original system (4) are satisfied and  we obtain a system of nonlinear elliptic equations for potentials 
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( , )Uϕ ϕ∆ = Ψ ,   and  
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We investigate this system of equations. Let's start with the simplest case of one type of particles, when 1N =  and  
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Therefore the system can be rewritten as 
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m

ϕ ϕ∆ + = − + +∫ ,   ( ) 0eU Gmϕ∆ + = . 

It turns out that the conditions for the solvability of the first equation, depends on the sign of expression 2 2Gm e− . If 
this value is positive, the boundary problem is correct, otherwise there are global solutions (see [11, 20, 21]). Thus, the 
value of the mass 2 2 /m e G=  – is critical. When 2 2 /m e G= , the gravitational force stronger than the electrostatic 
forces. If e – electron charge, then this mass is 1210m −≈ grams. 

If we consider Maxwell distribution function 
2

exp
2
pf A mU e
mα β ϕ

  
= − + +  

  
than: 

( ) ( )2 2( ) expmU e Gm e B mU eϕ β ϕ∆ + = − − +   ,   0,   0Bβ > > , ( ) 0eU Gmϕ∆ + =   

This equation in two dimensions has a large group of symmetries (conformal group), on the basis of which it was solved 
by Liouville (see, for example, [11]). For our analysis of the trajectories is sufficient to consider one-dimensional case. 
Studying this system we find that when 2 2 0Gm e− > the potential mU eϕ+  is convex downward and particle trajec-

tories are bounded, otherwise it is concave and the trajectories of the particles scatter. When 2 2 0Gm e− = potentials 
,  mU eϕ  – are linear functions. V.A. Dorodnitsyn proposed, that this property could be used in technical improvement 

of car amd other sprays by choosing optimal size of particles (V.A.Dorodnitsyn spray).  

Conclusion 
We considered the derivation of the Vlasov-Maxwell from classical Lagrangian of electrodynamics and the Lagrange 

identity. This derivation is a convenient alternative to the methods of the BBGKY hierarchy [3] and the microscopic solu-
tions methods [4–9], because it is simplier, can be used for important case of Vlasov Maxwell where other methods does 
not work, and give us classification of different types of equations of Vlasov type. We propose a derivation of MHD- and 
EMHD-type equations, for which variety only increases, and it allows us to monitor for the nature of the approximations 
made. We also examined the derivation of the Vlasov-Poisson-Poisson plasma with gravitation. Study of stationary solu-
tions of these equations in the cases, where the distribution function is an arbitrary function of the energy integral show us 
that in this case the problem reduces to the elliptic system of nonlinear equations with different behavior. 

Several new problems arises. One can ask on the existence and uniqueness theorems for equations obtained in analogy 
with the results [4-9]. In particular we can ask on the use of Kantorovich – Rubinstein metrics for proof of Dobrushin type 
uniqueness [8]. They could ask on the existence and uniqueness theorem for stationary solutions as in [20-21] for more 
general cases of this paper. Vlasov-type  equations are more and more useful in different applications and theier role will 
be only increase. 

References 
1. A. A. Vlasov (1938) "On Vibration Properties of Electron Gas" (in Russian). J. Exp. Theor. Phys. 8 (3): P. 291. 
2. A. A. Vlasov (1978). Nonlocal Statistical Mechanics (in Russian). Nauka, Moscow. 
3. N. N. Bogolyubov (1946)  Problems of Dynamical Theory in Statistical Physics (in Russian). Gostekhizdat, Moscow  
4. Dobrushin R. L., Maslova N. B., Sinai Ya. G., and Sukhov Yu. M. (1985) [DMSS] // Itogi Nauki I techniki. Fundamentalnie napravleniya. Nauka. Moscow. V. 2. 
5. Neunzert H. The Vlasov Dynamics as a limit of Hamiltonian classicalmechanical systems of interacting particles. Trans fluid dynamics, 1977,18, 663-678. 
6. Brawn W. Hepp K. The Vlasov dynamics and its fluctuations in the 1/N limit of interactive classical particles. // Commun. Math. Phys., 1977. 
7. V. P. Maslov, P. P. Mosolov “The asymptotic behavior as N→∞ of the trajectories of N point masses interacting in accordance with Newton's law of gravitation”, //  
    Izv. Akad.  Nauk SSSR Ser. Mat., 42:5 (1978), 1063–1100 
8. R. L. Dobrushin “Vlasov equations”, Funkts. Anal. Prilozh., 13:2 (1979), 48–58 
9. V.P. Maslov  Self-consistent field equation. In "Modern problems of mathematics." T.11, (Itogi VINITI), Moscow, 1978, 153-234. 
10. L.D. Landau and E.M. Lifshits. In: Theoretical Physics Vol. 2, Nauka, Moscow (1967)  
11. V. V. Vedenyapin Boltzmann and Vlasov Kinetic Equations, (in Russian) FIZMATLIT, Moscow, 2001 
12. V. V. Kozlov, “The generalized Vlasov kinetic equation”, Russian Math. Surveys, 63:4 (2008), 691–726 
13. M. B. Gavrikov, V. V. Savel’ev Plasmastatic problems in magnetohydrodynamics with allowance for the electron inertia // Fluid Dynamics, 2010, V 45, N 2, P. 325-341 
14. L.D. Landau and E.M. Lifshits. In: Electrodynamics of Continuous Media. Vol. 8, Nauka, Moscow (1982)  
15. A.G. Kulikovskii, G.A. Lyubimov Magnetohydrodynamics. – Logos. Moscow. 2005. 
16. S.I. Braginsky Transport phenomena in plasma. In: (M.L. Leontovich, Editor), Problems of Plasma Theory V. 1, Gosatomizdat, Moscow (1963) 
17. E.M. Lifshitz and L.P. Pitaevskii Physical Kinetics, in: L.D. Landau and E.M. Lifshitz, Theoretical Physics. Vol. 10 (in Russian), Nauka, Moscow. 1979. 
18. W. Pauli Theory of Relativity : Dover Publications; New Ed edition (July 1, 1981) 
19. Ferziger J.H., Kaper H.G. Mathematical Theory of Transport Processes in Gases. Amsterdam; London: North-Holland, 1972 
20. V. V. Vedenyapin The boundary problem of the stationary Vlasov-Poisson equations, (in Russian) Doklady Acad. Nauk 290 (1986), 777-780. 
21. V. V. Vedenyapin On the classi¯cation of the stationary solutions of the Vlasov's equations over the thore and with boundary conditions, (in Russian) Doklady Acad. Nauk  
      323 (1992), 1004-1006 

 


